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1 Introduction 



In the past two decades there has been an extremely rapid growth in the 
interest of quantum groups and their apphcations [T^. One can mention q- 
harmonic analysis and g-special functions ||2j, conformal field theories jSllllE], 
in the vertex and spin models [HI EI, anyons jHlinilin], in quantum optics [TT] . 
in the loop approach of quantum gravity ^2], in large N QCD JH] where 
the authors constructed the master field using g = deformed commutation 
relations, in "fuzzy physics" [14j and quantum gauge theories [13 CEl CZl EE] • 

The quantum groups, found in the investigation of integrable systems, are 
a class of noncommutative noncocomutative Hopf algebras. They were stud- 
ied by Faddeev and his collaborators ^H] • The initial aim of these authors 
was to formulate a quantum theory of solitons [20] • Most of their definitions 
are inspired by the quantum inverse scattering method [211 1221 ES] • The term 
"quantum group" was introduced by Drinfel'd in [21]. It was considered as 
an invariance group by Sudbery [2Sj. A simple example of a noncommutative 
space is given by the Manin's plane [2^]. In another direction Woronowicz 
|2Z|, in his seminal paper, considered what he proposed to call pseudogroups^ 
and studied bicovariant bimodules as objects analogue to tensor bundles over 
Lie groups. He has also introduced the theory of bicovariant differential cal- 
culus. This theory has turned out to be the appropriate language to study 
gauge theories based on noncommutative spaces. 

Actually, there are maps [2111221120121] relating the deformed gauge fields 
to the ordinary ones. These maps are the analogues of the Seiberg-Witten 
map [H2]- We found these maps using the Gerstenhaber star product [SH] in- 
stead of the Groenewold-Moyal star product [34: . In ref. [HS], it was proposed 
that quantum fluctuations in the AdSs x background have the effect of de- 
forming spacetime to a noncommutative manifold. The evidence is based on 
the quantum group interpretation of the cutoff on single particle chiral pri- 
maries. In Ref. [HE]; it was shown for the case of two-dimensional de Sitter 
space that there is a natural g-deformation of the conformal group, with q 
a root of unity, where the unitary principal series representations become 
finite-dimensional cyclic representations. In the framework of the dS/CFT 
correspondence, these representations can lead to a description with a finite 

pseudogroup G {g^, Q2, ■■, Qk) of a group G is a set with a binary operation which 
gradually acquires the group properties of G and gradually satisfies the group axioms as 
some of the parameters Qi, Q2t-t Qk of the set approach certain limiting values or tend 
asymptotically to infinity. In the case of a g-deformation the parameter is g = q. In the 
limit (7^1 the pseudogroup acquires the properties of a group. 
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dimensional Hilbert space and unitary evolution. The computation of the 
g-deformed metrics, of the g-deformed anti-de Sitter space AdSg was carried 
out in [T5J. The form of the g-deformed conformal correlation functions in 
four dimensions was explicitly found in fF. Given these results, we hope 
to construct the g-deformed AdS5/CFT4 completely. Recently, Vafa and 
his collaborators ^Tj, have counted the number of 4-dimensional BPS black 
holes states on local Calabi-Yau three-folds involving an arbitrary genus g 
Riemann surface and showed that the topological gauge theory on the brane 
reduces to a g-deformed 2d Yang-Mills theory. All these results prove that 
quantum groups have unexpected applications and will certainly shed light 
on still open questions in quantum gravity and quantum gauge theory. 

This review is organized as follows. In section 2, the concepts of quan- 
tum groups are introduced. In section 3, we present the simple example of 
two dimensional g-deformed plane. In section 4, we recall the celebrated 
Woronowicz formalism. In section 5, we recall the S0q{6) bicovariant differ- 
ential calculus. In section 6, we construct the quantum gauge transformations 
and the quantum BRST and anti-BRST transformations. Then, we intro- 
duce the quantum Batalin-Vilkovisky operator. In section 7, we introduce a 
map between g-deformed gauge fields and ordinary gauge fields. In section 
8, we study the quantum anti-de Sitter space AdSg. We compute the quan- 
tum metrics, and the linear transformations leading to them, both for g real 
and g a phase. In section 9, we compute the quantum conformal correlation 
functions. Section 10 is devoted to the conclusion. 



2 Quantum Groups 

Let us first consider a group G in the usual sense, i.e. a set satisfying the 
group axioms^, and C be a field of complex numbers. With this group one 
can associate a commutative, associative C-algebra of functions from G to C 
with pointwise algebra structure, i.e. for any two elements / and /', for any 
scalar a G C, and g ^ G we have 



(/ + /' ) (9) 

(«/) (g) 
iff) (g) 



f (g) + f (g) 

af{g) , 

/ (g) f (g) ■ 



^If the invertibility condition is relaxed, we have only a semigroup. 
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If G is a topological group, usually only continuous functions are con- 
sidered, and for an algebraic group^ the functions are normally polynomials 
functions. These algebras are called "algebrcis of functions on G" . 

Example: 

Let G be an arbitrary subgroup of the group GL {N, C). Let Fun (G) be the 
algebra of complex valued functions on G. This algebra is unital with unit 
1 : G — > C, — > 1 and is a *-algebra, where for all / e Fun (G) the function 
/* {9) — f {9) foi" 9 ^ G. Consider now the matrix elements M""^ of the 
fundamental representation of G. For all a and 6, the coefficient functions: 
m'^ f, : G C, g^u''^^{g) = M"^ belong to Fun (G). 
The algebras (1) inherit some extra structures. Using the group structures of 
G, we can introduce on the set A — Fun{G) of complex-valued functions on 
G three other linear mappings, the coproduct A, the counit e, the coinverse 
(or antipode) S: 

^f{9:9') = f{99'): A:Fun{G)^Fun{GxG) 

e(/) = /(e), e:Fun{G)^C, 
Sif)i9) = 9 {9-'), S:Fun{G)^Fun{G) (2) 

where e is the unit of G. 
In order to work with functions on G alone, we consider the tensor product 
Fun (G) ® Fun (G) as a linear subspace of Fun (G x G) by identifying 
/i®/2 e Fun {G)®Fun (G) with the functions (/i (8) /2) {g, h) = /i {g) /2 {h) 
onGxG. 

The linear mappings satisfy the relations: 



and 



(id (g) A) o A = (A (g) id) o A 
(id (g) e) o A = (e (g) id) o A = id 
m o (5* (g) id) o A = m {id ^ S) o A = rj o e (3) 

A (ab) = A (a) A (6) , A (7) = 7 ® 7 
e (a6) = e (a) e (6) , e (7) = 1 

S (ab) = ,5 (6) (a) , S (1) ^ 1 (4) 

where the linear mapping (unit) : C — > ^ is such that f]{l) is the unit 7 of 
^, a, 6 e .4 and m : ^ — > .4 is the multiplication map m{a<S>b) — ab. The 

group G is called algebraic if it is provided with the structure of an algebraic variety 
in which the multiplication and the inversion mappings are regular mappings (morphisms) 
of algebraic varieties. 



5 



product in A (a) A (6) is the product in A® A : (a ® 6) (c C?) d) = ac ® bd. 
The relations (3) and (4) define the Hopf algebra structures |39j . 

For the coordinates functions : G ^ C we have 



Aut {g, h) = ut (gh) = {ghf, = g^ht = (g) ut (h) . 



(5) 



c 



In general a coproduct can be expanded on A® A as: 



A (a) = ^ a\ (g) 4 



a\,a2 e A 



(6) 



Using Sweedler notation [10!, we shall suppress the index i and write this 
sum as: 



Here the subscripts (1), (2) refer to the corresponding tensor factors. 
Now the algebra is deformed or quantized, i.e. the algebra structure is 
changed so that the algebra is not commutative anymore, but the extra 
structures and axioms remain the same. This algebra is called " algebras of 
functions on a quantum group" , Another definition of quantum groups 
is given by: 
Definition: 

A quantum group is a quasitriangular Hopf algebra. This a pair {A, R) 
where ^ is a Hopf algebra and R is an invertible element of A® A such that 
(A ® id) (R) = R^^R^^ and A' (a) = RA (a) R'^ for a e A. 
Here A' is the opposite comultiplication and R^^, R^^, R^^ are defined as 
follows: If i? = ® Viy where Xi,yi G A then R^"^ = ® ?/i ® 1, 

= ® 1 ® Vi, R^^ = 1 ® a;^ ® y^. 

There are three ways of considering algebras of functions on a group and 
their deformations: 

(a) polynomial functions Poly (G) (developed by Woronowicz and 
Drinfel'd) 

(b) continuous functions G (G), if G is a topological group (developed by 
Woronowicz) 

(c) formal power series (developed by Drinfel'd). 

There is a similar concept of "quantum spaces": If G acts on a set X 
(e.g. a vector space), there is a corresponding so-called coaction of the com- 
mutative algebra of functions on G on the commutative algebra of functions 
on X satisfying certain axioms. The latter algebra can often be deformed 
into a non- commutative algebra called the " algebra of functions on a 




(7) 



6 



quantum space". 



If we consider a compact Hausdorff space X, and the set C (X) of con- 
tinuous, complex valued functions on X. C (X) is naturally endowed with 
the structure of a commutative algebra with unit over the complex number 
field, equipped moreover with anti-linear involution * given by 



(/*) (P) = / (P) (8) 

and the norm 

11/11= sup (9) 
This norm can be seen to obey the condition 

11/711 = 11/11'. (10) 

Algebras with the above properties are known as C*-algebras. We see 
therefore that every compact Hausdorff space X is in a natural way associ- 
ated with a commutative C*-algebra with unit^, namely C (X). Moreover, 
every continuous mapping between compact Hausdorff spaces, T : X — >• F, 
determines a C*-homomorphism: T* : C (Y) C (X), given by 

{T*f){p) = f{T{p)). (11) 

Points of Y correspond to linear multiplicative functionals on C {Y). The 
Gelfand-Naimark theorem ^T] states that this correspondence is one to 
one^. Consequently, it is natural to make the following generalization: A 
compact quantum space corresponds, by an extension of this isomorphism, 
to a noncommutative C*-algebra with unit. 

3 Manin's Construction 

A simple example of a quantum space is given by the Manin's plane^. The 
quantum plane Rq [2,0] is defined, according to Manin ^|, in terms of two 

'^Every commutative C*-algebra may be identified with an algebra of continuous func- 
tions on a locally compact topological space. If the algebra has a unit element, this space 
is moreover compact. In the contrary case, we are dealing with the algebra of continuous 
functions on noncompact space, subject to the condition of vanishing at infinity. 

^In the language of category theory: there exists a contravariant isomorphism between 
the category of compact topological spaces and that of C* -algebras with unit. 

^The quantum plane approach was first suggested by Yu Kobyzev (Moscow, winter 
1986 and developed by Manin at universite de Montreal in June 1988 . 
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variables x, y, which satisfy the commutation relations 

xy = qyx (12) 

where g is a complex number^. The coordinates neither commute nor 
anticommute unless g = ±1, respectively. Now consider a matrix 



(13) 



such that 



x' = ax + by 

y' = cx + dy (14) 

and {x',y') G Rg[2,0]. The elements of M are supposed to commute 
with X, y. This condition imposes restrictions upon M, giving the GLg (2) 
relations 



ab = qba, cd = qdc, 
ac = qca, be = cb, 

bd = qdb, ad — da = (g — g~^) be. (15) 

The classical case is obtained by setting q equal to one. 

Using these relations, it is easy to show that Dg = ad — qbc commutes 
with all the elements a, b, c, d and thus may be considered as a number, the 
"quantum determinant^" . The choice Dg = 1 restricts the quantum group to 
SLq (2). Because Dg commutes with elements of M there exists an inverse 

M-' ^ (B,)- ( ) , (16) 

which is both a left and right inverse for M. Note that is a member 
of GLg-i (2) rather than GLg (2) , and thus GLg (2) is not, strictly speaking, a 

^Manin uses where we use q, following the usage of the Leningrad school jl9|. 
®The quantum determinant is defined as the determinant of the middle matrix in the 
Borel decomposition: 

fa b\_fl bd-^ \ f a-bd-^c 0\f 1 0\ 

\ c d ) ^ y 1 ) y d ) y d-^c i ) ■ 
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group. The algebra (15) is associative under multiplication and the relations 
may be reexpressed in a tensor form 



R'\,M^^M\ = M\M\R 



kl 



(17) 



where R!'\i = R^\i {q) is a braiding matrix, whose explicit form is given 

by9 

/ 1 \ 

.,^00 q 
^ kl g l-g2 

\ 1 y 

Let us give the example of Ug (2) obtained by requiring that the unitary 
condition hold for this 2x2 quantum matrix: 



'1^ 



M' 



nf 



n —1 



(19) 



The 2x2 matrix belonging to Ug (2) preserves the nondegenerate bilinear 
form 1121 C„™ 



CnmM\M"^i = DgCki, C^^M\M'^ = DgC^\ C,„C"' = 4, (20) 



n — I ^ 'i ^ \ rinm _ ( q ^ \ /r)-| \ 

<-nm - ( ^1/2 Q y ' I ' ■ ^ ' 

The algebra Fun {Ug (2)) is freely generated by the associative unital C*- 
algebra. Fun{Ug{2)) is a Hopf algebra with comultiplication A, counit e 
and antipode S which are given by: 



^Castellani ^ and other authors use the foUowing relation 

( q ^ 

TV' fe, {q) M^^M\ = M\M\TV'^^^ {q) where TV' (g) = 



1 
q-q-^ 1 
\ g / 
This matrix appeared for the first time in the paper 0^1 • The relation between the two 
matrices is given by TV' {q) = qR^\^, {q^^) = q {R~^)Z (?)■ 

The matrix TV' satisfies the well known Yang-Baxter relation |44[ 03] : 

-T-jaifei nya2Ci ^^202 ^h\c\ ^a\C2 ^^0-2^2 

'■^ a2&2 0322''^ &3C3 ~ b2C2''^ 0203''^ 0363- 

If {A, TV) is a quasitriangular Hopf algebra, then TZ satisfies the Yang-Baxter equation. 

The Yang Baxter equation and the noncommutativity of the elements M"^ lie at the 
foundation of the method of commuting transfer-matrices in classical statistical mechanics 
jiS) and factorizable scattering theory ^^0B], the quantum theory of magnets 07] and 
the inverse scattering method for solving nonlinear equations of evolutions j48| . 
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-comultiplication (also called coproduct) 



A (M-J = M\ ® M^„. (22) 

This coproduct A on Fun {Uq (2)) is directly related, for g = 1 (the 
nondeformed case), to the puUback induced by left multiplication of the 
group on itself. 

-co-unit e 

e {M\) = 61 (23) 

-antipode S (coinverse) 

S {M\) = M\S [M'J = 51, (24) 

S{M\) = ^C^''M\C,^. (25) 
With the nondegenerate form C the R matrix has the form 

R+n^^^ = i?"-,; = + gC^'^CfcZ, (26) 

^"""h = i?-'"" i = 5fe5r + ?"'C'"'"Ch. (27) 
The R matrices satisfy the Hecke relations 

and the relations 

CnmR'^"'"' fcc-^^'^™ lb ~ Q^^^K^kl- (29) 



4 Review of Woronowicz's Bicovariant Dif- 
ferential Calculus 

In this section we give a short review of the bicovariant differential calculus 
on quantum groups as developed by Woronowicz ^7\. 

Definition: 

A first-order differential calculus over an algebra ^ is a pair (F, d) 
such that: 
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(1) r is an ^-bimodule, i.e. {au) b = a {ub) 

for all a,b E A, u E T, where the left and right actions which make F, 
respectively a left ^-module and a right ^-module are written multiplica- 
tively; 

(2) d is a hnear map, d : ^ — > F; 

(3) for any a,b E A, the Leibniz rule is satisfied, i.e. 

d(ab) ^d{a)b + ad{b) (30) 

(4) the bimodule F, or "space of one-forms", is spanned by elements of the 

form adb, a,b E A. 

Definition: 

A bicovariant bimodule over a Hopf algebra .4 is a triple (F, Ax,, Ar) such 
that : 

(1) F is an ^-bimodule; 

(2) F is an ^-bicomodule with left and right coactions A^, and Ar respec- 

tively, i.e. 

(id® Al) o Al = (A®id) o Al {e®id)oAL^id (31) 
making F a left w4-comodule, 

{Ar (g) id) oAr^ (id (g) A) o Ar (id (g) e) o Ar = id (32) 
making F a right ^-comodule, and 

(id ^ Ar) o Al ^ (Al ^ id) o Ar (33) 
which is a the ^-bicomodule property; 

(3) the coactions Al and Ar are bimodule maps, i.e. 

^°The left (resp. right) coactions are puUbacks for one forms induced by left (resp. 
right) multplication of the group by itself. 
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AL{aujb) = A (a) Al (cu) A (6) 
AnioLub) = A (a) Aij (cu) A (6) 



(34) 



Remark: 

The Sweedler notation for coproducts in the Hopf algebra A is taken to 
be A (a) = a(i) a(2) for all a e .4 and is extended to the coactions as 
Al {uj) = a;( ^) (8) uj(r) and Ar {lu) = uj(r) (8) 

A first-order bicovariant differential calculus over a Hopf algebra A 

is a quadruple (T, d, A^, A^) such that: 

(1) (r, d) is a first-order differential calculus over A; 

(2) (r, Ai, Ar) is a bicovariant bimodule over A; 

(3) d is both a left and a right comodule map, i.e. 



{id (g) (i) o A (a) = A^ (rfa) 

{d id) o A (a) = Ar {da) (35) 

for all a e ^. 



5 SOq (6) Bicovariant Differential Calculus 

In this section, we construct the left invariant vector fields, the quantum 
trace and the quantum Killing metric which are the important ingredients in 
the construction of quantum gauge theories. 

Let us first consider the bicovariant bimodule F over the quantum group 
S0g{6). This quantum group is the symmetry group of the g-deformed 
AdS/CFT correspondence (to be constructed). The corresponding braiding 
matrix is given by: 



i=-3 



i=-3 



(36) 



i,j=-3 



i,j=-3 
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where we have used the notations: 



k = q — q ^ 
p, = (2,1,0,0,-1,-2). 



(37) 



The matrix elements R vanish unless the indices satisfy the following condi- 
tions: 

either i ^ —j and k = i, I = j, or I = i, k = j 

or i = —j and k = —I. (38) 

The matrix R enters in local representations of the Birman-Wenzel-Murakami 
algebra jlH]- R admits a projector decomposition |19j : 



R = qPs- q-'Pa + q-'Pu 



(39) 



where Ps, Pa, Pt are the projections operators onto three eigenspaces of 
R with dimensions respectively 20, 15, 1: they project the tensor product 
x®x oi the fundamental corepresentation x of SOq (6) into the corresponding 
irreducible corepresentations: 



Pa 

\ab 



q + g"^ 

1 



R + q-'l-{q-'+q-')Pt 



-R + qI-{q + g-^) Pt 



The R matrices satisfy the Yang-Baxter equation. 

W''^„R''^^„R'^^,, 



±L pqJ-i. mn^^ rl 



mp 



rq-^'' In 



and the relations: 



^ TD±qp f)±ml 



jq " pm 

The noncommutativity of the elements M*^ is expressed as 

R'%qM'iM\ = M\M^^R^^,^. 
The generators M* satisfy the orthogonality condition 



(40) 



(41) 



qp- 



(42) 



(43) 



(44) 
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The nondegenerate bilinear form C**^™ is given by 

/ \ 



1 

1 

g 

2 



(jr. 



(45) 



J 



Now, let us consider the fundamental bimodule over Fun {SOq (6)) generated 
by left invariant basis a — 1, 6. The right coaction is defined as 

(^«) =9'^0S {M\) . (46) 

We can also define the conjugate {9*"') — {9"')* = 9a- The right coaction acts 
on this basis as 

Ai? {ea) =0^0 M\. (47) 

This equation is easily obtained from Equ. (46) by the antilinear * invo- 
lution using the relation (Ar {9^))* = Ar (^")* , {M%)* = M\ = S {M\) . 
There exist hnear functionals f\ and f\ : Fun {SOq (6)) — > C for the left 
basis 9"' and 9n such that 



= r,{M'^)M\9\ 



(4J 



j^nja ^ 9\f\oS^M-J = 9'{id®f\oS)A{M-J 

= f\[S{M'^))9'M\, (49) 



9aM\ = {f\^M\)9,= {id®f\)A{M\)9, 



(50) 



= 9,{J\oS^M\)=9,{id®f\oS)A{M-J 

= f\{S{M'^))9,M\. (51) 

The orthogonality condition Equ. (44) must be consistent with the bi- 
module structure. This implies that 



f\ {C,,M\M\) = Q,/", {M\) f% {M\) = 5lCq,. 
Comparing with Equ. (42) we get two solutions 



(52) 
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fUiM^'J = R'^, (53) 
r-,{M\) = (54) 

Applying the *-operation on both sides of Equ. (48) and substituting 
{M\y = M'^\ - S {M\) we get 

f\, {S {M\)) = /V {M-J = R'^Z,- (55) 
The representation with upper index of 9a is defined by the bihnear form 

C: 

^1 = ^±aC"^ (56) 

Then the right coaction is 

(^L) =9l® CadM'^C^' = el0 {M\) , (57) 

where the inverse of the antipode 5""^ satisfies 

S-^S {M%) = M\. (58) 
The functionals f\j^ corresponding to the basis are given by 

/\, = Cuf^C^''. (59) 

The transformation of the adjoint representation for the quantum group acts 
on the generators M\ as the right adjoint coaction^^ Ad^ : 

AdR {M-J = M\®S (Ml) M'^. (60) 

A bicovariant bimodule which inchidcs the adjoint transformation T is 
obtained by taking the tensor product 9^ ®9m = 9^^ of two fundamental 
modules. 

The right coaction Ar on the basis is 

^r{9\)^9\®S{M-,)M^^. (61) 



^^Example: Let A = O (G) a coordinate Hopf algebra, then 

yg,h€G,AdR{M^j){g,h) = ^ M'^ (5) (5 (M',) M^) (/i) = ^ (/i-i)\ /i^ 

= {h-^gh)\^NP^{h-^gh). 
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With the requirement that the *-operation be a module antiautomor- 
phism (r^d)* — ^Ad we can find two different types of left invariant basis 
containing the adjoint representation. We take 9'^ ^ — 9\9+rn- 

We introduce the left invariant basis 9"^ with upper indices: 

gab ^ Qajjch_ ^g2) 

In this basis the right coaction is given by 

(^«^) ^9'^®S {M\) (My . (63) 
The relation between the left and right multiplication for this basis is 



= cd*M-^)9^'^ft ca{M'm)M\9^' (64) 



where 



= R''\cR-"La- (65) 
The exterior derivative d is defined as 

dM^^ = ^[X,M-J_ = {Xat^M-J9'^' 

= {td ® Xab) A {M-J = Xab (M^rn) M\9'^' (66) 

where X — Cab9°'^ is the singlet representation of and is both left and 
right CO- invariant, A/" G C is a normalization constant which we take purely 
imaginary N* = —Af and Xab quantum analogue of left-invariant 

vector fields given by: 

XabiM^'J = j^{Ccdf^aab{M''J-SlCab) 

Higher order differential calculus is built from the first order difi^crcntial 
calculus by using the tensor product TAd®^Ad®---®^Ad- The basic operation 
is the bicovariant bimodule automorphism A : F®^ — > F®^, defined as 

A {9"^ ® uj"^) = a;"^ ® (68) 
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where the right invariant basis defined by 

^ab ^ M\M''^e'^. (69) 
Let / represents a set of indices / = (a, 6), we write Equ. (69) as 

oj^ = T^je\ (70) 

where T[j = T"^^ = M\M^^. 
Using Equ. (69) and the definition of a bicovariant bimodule automorphism 
i.e. A {arh) = aA (r) b, Va, beTfl: 



A{e^ ®t^k6^) = T-^j^e^^e^ 

= fia N {T'^k) nA {d"" ® , (71) 

which gives 

= A^^;^^ (^^ (8) ^•^) . (72) 
Therefore, the matrix representation of A on the basis 6"''' 6'^'^ is 

A^^. = /r. J (Sin)), (73) 

leading to 

The action of the exterior derivative d on ^ can be generahzed on p-forms 
as in the usual differential calculus: 

d-.VXi^ r^P+\ (75) 

and is defined by VQ e r% : 

dn = ^[X,Q]^ = ^{X AQ-i-lfQAX). (76) 
The external product is given by 

gab ^Qcd^ {5l5)5'g5'i - h-^'^^gh) (^'^ ® ^''') ■ (77) 
The two-form has been defined as 

r^'. = TfJ [Ker (A - 1) © Ker (A - q-'l)] . (78) 
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This equation can be expressed in terms of the projectors and gives the 
Cartan-Maurer equations. 

The quantum commutators of the quantum Lie algebra generators Xab 
defined as 

[Xab, Xj {M\) = (1 - ^r^'\,^ [Xef ^ Xgh) (79) 

and can be written as 

[Xab.Xcd]{M\) = {Xab®Xcd)AdR{M';) 

= Xab (M' J ® Xcd {S {M\) M"^.) 

= C'^.c/^Xe/ (My , (80) 

where C^^^^/^ are the quantum structure constants. 

To construct a quantum gauge invariant Lagrangian, we need a well de- 
fined quantum trace. We require that this trace is invariant under the right 
adjoint coaction: 

Tr {M\) = Tr {AdR (M^) ) = Tr (M'„ ® S {M\) M"^-) . (81) 
This equation is fulfilled if one defines the quantum trace as 

Tr {M\) = -CnkM^^C^\ (82) 

The quantum trace allows us to introduce the quantum Killing metric as in 
the usual undeformed case (g = 1) 

9abcd = Tr{x,,iM\)x,,{M\,)). (83) 

Before we close this section, we note that the same construction can be 
done using the adjoint representation " of the quantum group (see the 
paper of Aschieri and Castellani ^). This allows us to find the relation 

between the Cartan-Maurer forms 9 j and the forms obtained by taking the 

tensor product 6"^ = O^O^ . 

Let 6^ be a left invariant basis of inv^, the linear subspace of all left- 
invariant elements of F i.e. A^^ = I ® O"". In the case g = 1 the 

left coaction A^^ coincides with the pullback for 1-forms induced by the left 
multiplication of the group on itself. There exists an adjoint representation 
M^" of the quantum group, defined by the right coaction A^j on the left- 
invariant 9°' : 

Ar (e""^ = ® ^ G ^ (84) 
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where A is an associative unital C-algebra. In the classical case, M^" is 
indeed the adjoint representation of the group SO (6). We recall that in this 
limit the left-invariant 1-forms 9°" can be constructed as 

9~''iy)T,= {y-'dyy y e SO (6) . (85) 

Under the right multiplication by a (constant) element x G SO (6) : y ^ x 
we have^^, 

9~''{yx)T, = [x-'y-'d{yx)YTa=[x-'{y-'dy)xYTa 

= [x-'T,xY{y-'dyYT, = M,'^{x)9'{y)T,, (86) 

so that 

9~''{yx) = 9'{y)M,^x) (87) 

or 

R*9~''iy,x)^9'M,''{y,x), (88) 

which reproduces Equ.(84) for 5 = 1 {R* is the analogue of the right 
coaction Ar in this limit and is defined via the puUback i?* on functions or 
1-forms induced by right multiplication of the group SO (6) on it self). 

To obtain the adjoint representation Mf^"- in terms of the fundamental 
representation M"^ we define a right coinvariant Maurer-Cartan 1-form uo 
on SOq (6) as 

^\ = dM^mS {M\) (89) 

and 

0\^S{M-JdM\ (90) 

The left coinvariant Maurer-Cartan 1-forms 9 and the right coinvariant Maurer- 
Cartan 1-form CO are related by 



00' J = M\9'^,S{M)). (91) 

Now we calculate the right coaction on 9^ ^ by expressing them in terms 
of cu^ j, using the homomorphism property of the right coaction, the right 

coinvariance of j and translating the latter back into the 9^ y The result is 

= 9\(^S{M\)M- 
= o'n^Mrj (92) 

i2'\Ye recall that the q — I adjoint representation is defined as: x~^TbX = Mj^°- {x)Ta 
where the infinitesimal operators carry the adjoint representation of the Lie group SO (6). 
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with 

Ml""' ■ = S {M\) M"".. (93) 

If we replace the index pairs *j with the upper indices (row indices) a — 
1, ...,36 and the index pairs with lower indices (column indices) b, Equ. 
(92) gives 

Afl(r)^'®M,". (94) 
The co-structures on " are given by 

e(M,») = SI 
S{M^^)M^'' = M6W/ = 5^. (95) 

In the quantum case we have ^M^^ ^ j in general, the bimodule 

structure of F being non-trivial for g 7^ 1. There exist linear functionals 
^ : Fun {SOq (6)) — > C for these left invariant basis such that 



= M'^, /V/ (Mg (96) 



M-J, = ~e\[if\'oS)^M-^]. (97) 
The functionals f^jp * are uniquely determined by Equ. (96) and satisfy 

f,/(M"^M',) = r,/ (M"J (M',) (98) 
(A/^M^M/^ = M/' ^{M-^^f%^^). (99) 

This result places significant constraints on the possible bicovariant calculi 
which are consistent with the assumption that the differentials of the gener- 
ators should generate the bimodules of forms as a left ^-module. In fact we 
are passing directly to a class of quotients of the bimodule T which we then 
constraint by the requirement that the bicovariance is not destroyed. 
We can define a new basis 

The functionals f^lj corresponding to the basis 9^^ are given by 

r\j = c^'r^ 'c,,. (101) 
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The relation between the left and the right multiplication for this basis is 

r"Mv = * My e"'. (102) 

The exterior derivative d is defined as 

= H®x/)A(M"J^\. = X,^(MyM"/^, (103) 

where X = is the singlet representation of 9^ j, jV e C is the normalization 
constant and left-invariant vector fields. 

Now, let us find the relation between the left Cartan-Maurer forms 9^ j and 

the forms obtained by taking the tensor product 9"''' — 9"'^ . 
Prom Equ. (90) and Equ. (66) we get 

9\ = (My (104) 

Equ. (64) gives 

Xat (My r^M"„ = ft, {M'J M\xa, (My 9'^". (105) 
Comparing with Equ. (96) we find 

/a. a, {M\,) Xca (My = /^,./ (M^„) Xa, {M\) . (106) 

This is the first identity. The second identity gives a relation between left- 
invariant vector fields. In fact, from Equ. (66) and Equ. (103) we get 
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= X/ {M'^) M\9y = Xi' {M^m) M\Xa, (My 9^\ (107) 

which gives 

Xa, {M'm) = Xi' {M'J Xa, {M\) ■ (108) 

Taking Xi {M^m) = ^ii^^i we find an identity. 
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6 Quantum Gauge Theories 



We formulate the g-deformed gauge theories using the concept of the quan- 
tum fiber bundles fSl E|- We consider a quantum vector E {Xb, V, A) with 
a noncommutative algebra base Xb (the quantum spacetime), a comodule 
algebra V considered as a fiber of E and a structure quantum group A play- 
ing the role of the quantum symmetry group. The matter fields (sections) ip 
are maps: V Xb- The quantum gauge transformations T are defined in 
terms of the right coaction and act on the sections as 

= ^ (e^) (s>T{s (M^)) = ^ {e^) ® T-i (My , (109) 

where 6^ E V and T : A —>■ Xb is a convolution invertible map such that 
TilA) = lx,. 

For any two quantum gauge transformations T and T', the convolution 
product is defined as 

(T * T') (M'j) = (T ® T') A (My . (110) 

The quantum inverse gauge transformation is defined as 

T-'' ■ = T {S {M' j)) . (Ill) 

Using the right covariance property of the quantum ^-bimodule V, we get 

= (^®T®T)(id® A)A^(e') 

= (^*(T^T))(eO (112) 

which simply reflect the closure of the finite quantum gauge transformations. 
Let us now define a covariant exterior derivative as a linear map on the set 
of sections F (E), V : F (E) F^ (E), where F-*^ (E) is the set of one-form 
sections. We require that these sections transform with the same rule as the 
corresponding matter fields, i.e. : 

V'"^ = {V^T)Adn{M^J 

= v^®T-l^T'^, (113) 

which gives 

V^V^'- = (V^ ® T-i,"T' J (^^- ® T~f ) 

= V^.-V-^' ® T-^\. (114) 
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The quantum exterior derivative d on the base space Xb is defined in 
terms of the covariant derivative 

^\ = dSl + A\ (115) 

where A'^^ are the quantum Lie-algebra valued matrices of one forms on Xb, 
i.e. A-^ = A-\,,iM-J. 

The consistency of Equ. (113) requires that A"^ transforms as 

A'^ ^ = A\® T-\T'^ + 51® T-\dT'^, (116) 
and two successive transformations act as 

A'-^ = A" ,®T'\T'„, + 6f®T-\dT^^ 

+1 T-^dT^i ® T-\T^^ + 1 ® T-\dT^ 

+1 ® {T-\ ® T-\) {dT\ ® T'J + 1 ® T~\dTP^ 

+1® (n®Ty rf(T>Tg. (117) 

This equation shows that if T'J„ is a gauge transformation on the connection 
AP^, then T";, = (T^T) {M^J = (T ® T) A (M"^). 

As in the undcformcd case, the quantum two-form curvature associated 
to the connection is given by 

= V", A V'^^ = dA\ + A\ A A^^, (118) 

and transforms as 

n = V'-,AV'^^ = (V^,®T-^«Ty (v^,®T-^Tg 

= F^,®T-iVTt. (119) 
We can also express this equation in terms of the right adjoint coaction 

as 

F'\ = F' (M^J Adn (M"„J = {F AT) (M"„J . (120) 

The closure of the gauge transformations for the curvature can be ob- 
tained as 

F"(M«J = (F'AT)(M"J = ((FAT)AT)(M"J 

= F^0(n®T^,)"'(T>Tg. (121) 
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We can decompose the curvature in terms of left-invariant vector basis as 

= dA^'XabiM'^J+A'^' AA^\,,{Ml)xca{M'J. (122) 

We define the infinitesimal variations around unity of the gauge transforma- 
tions as 

6^T^^ = {T^a){Arj = {T^a'^\,,)A{M-J 

= n®«"'xa6(My, (123) 

where a are infinitesimal quantum gauge parameters of the transformation 
T. The infinitesimal variation corresponding to a is given by 

a' (M^J = (a ® T) Adn (M^J . (124) 
The infinitesimal variation of the connection is 

S^A"'' = -1 (8) da"'' + A"'^ Q;'=•^C^^/^ (125) 

where C^^e/"* quantum structure constants defined in Equ. (80). 

The curvature transforms with the right adjoint coaction. Its infinitesimal 
gauge transformation reads 

5^F-^ = {F®a) Adn {M^J . (126) 

In terms of components, we find 

(5^F"^ ^F^® a^f C^oef'"''- (127) 

To illustrate the construction of BRST and anti-BRST transformations, 
let us consider the simple example of BF- Yang-Mills theories. These theo- 
ries supply a complete nonperturbative Nicolai map for Yang-Mills theory on 
any Riemann surface which reduces the partition function to an integral over 
the moduli space of flat connections, with measure given by the Ray-Singer 
torsion. 

The quantum Lagrangian describing these models (hereafter, the space- 
time indices are omitted for simplicity) can be written as 

Lbfym =< iB'^'^F^ + g'^B'^'^B'^ > gated (128) 

where B is a quantum Lie-algebra valued 2-form, g"^ is the coupling constant 
and gabcd is the quantum Killing metric defined in Equ. (83). The quantum 
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Lie-algebra valued curvature F : A ^ {^b) is given by Equ. (118). 
The quantum BRST transformations for these models are obtained, as usual, 
by replacing the quantum infinitesimal parameters by the ghosts: 

6 A = -dc'^'xab-A'^'-c'HXab^xJAdn, 

5B = -B^'-c'\xa,®Xcd)Adn, 
= -^c'^' ■c''''{Xab®Xcd)AdR, 
Sc = b, 6b = (129) 

and the corresponding quantum anti-BRST transformations as 



6 A = 


-rfc"V„6 - A^' . c'^' ixat ® Xj Ad 


6F = 


-F"" ■ c^' ixat ® Xj Adn, 


6B = 


-B^' ■ c^'^ ixat ® Xj Adn, 


6c = 


-b - l^^' ■ c^' {Xa, ® Xj Adn, 


6c = 


-^C^'-C^'' iXab^Xcd) AdR, 


6b = 


-b^' ■ -c'" {Xa, ® Xj AdR. 



A straightforward but tedious calculation using essentially the quantum 
Jacobi identity shows that the quantum BFYM action is separately invari- 
ant under these quantum BRST and anti-BRST transformations. Using the 
quantum BRST transformations we also find the quantum analogue of the 
Taylor-Slavnov identity. 

To define the quantum analogue of the Batalin-Vilkovisky operator [50^ we 
have to introduce the quantum left and right functional partial derivatives. 
Given a quantum field ip = (p°'^Xaby ^* = V*"'^Xab ^ quantum functional 
F we define 




(131) 
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and the quantum Batalin Vilkovisky antibracket of two functionals F, G\ 



l-f", LrJ — / \ -K—j-'' a + / 9abcd — { — i-) \ TTTT' O / dabcd- 

Jxb\9^U diptd/ \d^ab 9^icd/ 

(132) 

We can construct a new action called the quantum BRST action defined 

by 

S = [ ^xiLBFYM + i-ripr'^^'^'gabcd), (133) 
JXb 

where we have used the quantum BRST transformations 5 defined in 
Equ. (129). Cj is the Grassmann parity of and Qabcd is the quantum 
Killing metric. We have denoted all the antifields by (^**"'' and the fields and 
the ghosts by <^*"^. 

By construction the quantum BRST action is such: 

{S,^""") Qabcd 

-{S,<p*''')gcdah. (134) 

These quantum functionals derivatives satisfy the quantum Jacobi iden- 
tities. Furthermore, the quantum action S satisfies the quantum master 
equation 



dS 

§^*iab 

'dS 

§^^iab 



= -Sip'^'^gabcd^ 



cdab 



{S,S)^0, (135) 

which is a direct consequence of 5^ = 0. 
Now, we define the quantum Batalin Vilkovisky operator as 

A^(-) %^, Qabcd. (136) 

dVabd^^cd 

The quantum Batalin Vilkovisky operator coincides with the usual one 
in the limit q — 1- 
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7 A Map between Q'-Gauge Fields and Ordi- 
nary Gauge Fields 



The starting point for this investigation is the wish to define the analogue, 
in the quantum group picture [21], of the Seiberg Witten map [221 argued 
using the ideas of noncommutative geometry . In the framework of string 
theory Seiberg and Witten have noticed that the noncommutativity depends 
on the choice of the regularization procedure: it appears in point-sphting 
regularization whereas it is not present in the Pauh Villars regularization. 
This observation led them to argue that there exists a map connecting the 
noncommutative gauge fields and gauge transformation parameter to the 
ordinary gauge fields and gauge parameter. This map can be interpreted as 
an expansion of the noncommutative gauge field in 9. Along similar lines, 
we have introduced in Refs [2H1 1211 IHO] a new map between the g-deformed 
and undeformed gauge theories. This map can be seen as an infinitesimal 
shift in the parameter g, and thus as an expansion of the deformed gauge 
fields in q. 

To begin we consider the undeformed action 

S = -\j d^x (137) 

where 

F^u = d^A, - d,A^. (138) 
S is invariant with respect to infinitesimal gauge transformation: 

bxA^ = d^\. (139) 

Now let us study the quantum gauge theory on the quantum plane xy = 
qyx. In general, the product of functions on a deformed space is defined via 
the Gerstenhaber star product [SH] : Let A be an associative algebra and let 
Di, : A ^ A he a pairwise derivations. 
Then the star product of a and b is given by 

a^b = fioe^^^^^^^^a^b, (140) 
where C is a parameter and n the undeformed product given by 

f^{f®9) = f9- (141) 
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On the Manin plane xy = qyx, we can write this star product as: 

/^^ = ^oe^("^®^^-^*^"^)/®(7 (142) 

A straightforward computation gives then the following commutation re- 
lations 

in — 
X'ky = e^xy, y -k x = e 2 yx. (143) 

Whence 

x-ky = e'-'^y ★ x, q = e'''. (144) 

Thus we recover the commutation relations for the Manin plane: 
xy = qyx. 

We can also write the product of functions as 

/^^ = M^^^^'(-^)^'^ (145) 

where the antisymmetric matrix 6^'' (x, y) = rjxye^'' 
with = -e^^ = 1. 

Expanding to first nontrivial order in 77, we find 

/ , ^ f^f^d dfdg\ 

The g-deformed infinitesimal gauge transformations are defined by 



d^X + iX-k Afj,- iAfj, -k A, 



= iX^F^^-iF^^^X. (147) 

To first order in 9 (x, y), the above formulas for the gauge transformations 
read 

\\ = d^X-U''''{x,y){dpXd,A^-dpA^d,X) 

= -\e'"'{x,y){dpXd„F^,-dpF^,d„X). (148) 

To ensure that an ordinary gauge transformation of A by A is equivalent 
to g-deformed gauge transformation of A by A we consider the following 
relation [32] 

A {A) + \a {A) = A (A + 5xA) (149) 
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We first work the first order in 9 



A = A + A'{A) 
X{X,A) - A + A'(A,^). 

Expanding in powers of 9 we find 



A'^ (A + 6xA) - a; {A) - d,X' = 9'' (x, y) d^A^diX 



The solutions are given by 



(150) 



:i5i) 



A^ = A^--9'''{x,y){A,F,^ + A,d,A^), 



X = X + -9''^{x,y)A,dpX. 
The gr-deformed curvature F^i, is given by 



(152) 
(153) 



Finally, we find 



dfj,Aiy — di/A^ — i Afj_, Ay 
d^Ajy — d^iA^ — iAf^ -k Ajy + iA^^ -k A^. 



F — 



F^^u + {x) {F^pF,, - Apd.F^,) 
-Id^O"" (x) {ApF^^ + Apd^A,) 

+^dj^^ {x) {A,F,^ + A,d,A^), 



which we can write as 



(154) 



(155) 
(156) 



F^i/ F^n + Uu + o{v'), (157) 

where f^i, is the quantum correction linear in rj. The quantum analogue 
of Equ. (137) is given by 



-J / d^xF^y^F'^r 



(158) 



We can easily see from this equation that the g-deformed action contains 
non-renormalizable vertices of dimension six. Other term which are propor- 
tional to c?ju6'^'^ (x) appear. 
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Finally, let us emphasize once more that we can also consider a quantum 
gauge theory with a quantum gauge group as a symmetry group defined on 
a quantum space. This gives a general map between deformed and ordinary 
gauge fields [2H!- 



8 The Quantum Anti-de Sitter Space 

In this section, we propose to construct the metrics of the quantum analogue 
of the classical anti-de Sitter space AdSs. 

The AdSs space is a 5-dimensional manifold with constant curvature and sig- 
nature (+,-,-,-,-). It can be embedded as an hyperboloid into a 6-dimensional 
fiat space with signature (+,+,-,-,-,-), by 

zl + zl - z\ - zl - zl - zl = R\ (159) 
where R will be called the "radius" of the AdSs space. 



To define the quantum anti-de Sitter space we follow the method of Ref. 
Y2\ used for AdS4. The quantum anti-de Sitter space AdSg is nothing but 
the quantum sphere Si with a suitable reality structure. For |g| = 1 we 
consider the conjugation^^ fTOj defined as = M. The unique associated 
quantum space conjugation is (x")^ = x". By this conjugation on the quan- 
tum orthogonal we cannot get the desired quantum AdS space. We introduce 
another operation on the quantum orthogonal group as 



where the matrix D is given by 



(160) 



/ 1 



D 



1 



V 



(161) 



We can easily prove that the D matrix is a special element of the quantum 
orthogonal group • The quantum AdS group is obtained by the combined 



-'^^Let us recall that a ^-structure or ^-conjugation on a Hopf algebra A is an anti- 
automorphism {rjab)* = fib*a* Va, b (E A, Vt] G C; coalgebra automorphism A o * = 
(* (g) *) o A, e o * = e and involution >i=^ ~ id. It follows that * o — So* i.e. 
[5-1 5 (M*" J. 
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operation M* = M^^ = DMD-\ The induced conjugation on the quantum 
space is x* = = Dx. We can check that the conjugation really gives 
the quantum AdS group and quantum AdS space. We should find a linear 
transformation x x' = Ux, M ^ M' = UMU-^ such that the new 
coordinates x' and M' are real and the new metric C = (f/^^)* CU~^ diagonal 



in the g — 1 limit, C 



q=l 



diag {1, —1, —1, —1, —1,1). The metric C is 



defined in Equ. (45). We find the following U matrix 



U 



and the corresponding quantum metric is 





/ 


1 














1 \ 






-1 














1 


1 










1 


-1 


















i 


i 















-1 








1 







V 





1 








1 


0/ 



c 



V 










_lo2 , J_ 
2^ + 2(72 

_1„2 _ X 
2^ 2g2 











-1 











-1 




















2q 

1 



2q 



2q 2^ ~ 2q / 



(162) 



(163) 



For q real we consider the second conjugation given in jTH] and realized 
via the metric, i.e. M* = C^MC*. The metric C is defined in Equ. (45). 
The condition on the braiding R matrix is: R = R. To get the quantum 
AdS group and the AdS space we have to consider another operation on the 
quantum orthogonal space as: 



= AMA-^ 

where the matrix A is given by 

/ 1 



(164) 



A 



\ 



-1 



v 



(165) 



1/ 



We obtain the AdS quantum group by using the conjugation M*^ 
AC*MC^A~^. The induced conjugation on the quantum space is x*^ 
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C^Ax. To prove that this combination really gives the quantum AdS group 
and quantum AdS space we should find a linear transformation x x' = 
Vx, M — > M' = VMV~^. Such that the new coordinates x' and M' are 
real and the new metric C \q=i = diag (1, —1, —1, —1, —1, 1). We find the 
following V matrix 



V 





/ 1 























—i 








—iq 







1 








1 


-1 


















i 


i 























-1 























—i 


1 



(166) 



and the quantum metric C is given by 



c 



+ 










2,4 



V 2^^ 



1 J_ 

2 g2 





_1 ]_ 

2 2q2 




■\iq+^' 




2q 






-1 











-1 











_i _ 
2 2^ 












2 g2 



+ 



(167) 

These metrics can be used in the definition of Lagrangians defined on 
the quantum Anti-de Sitter space AdSg. As an example of such a theory is 
the quantum Chern-Simons term which is present in the low energy effective 
action of type IIB superstring theory compactified on the quantum anti-de 
Sitter space. 



9 g-deformed conformal correlation functions 

In this section, we construct the g-deformed two- and three- point confor- 
mal correlation functions in field theories that are assumed to possess an 
invariance under a quantum deformation of SO (4, 2). In the course of these 
investigations we rely on the general formalism developed by Dobrev jSl] 
who first introduced the g-deformation oi D = A conformal algebra and 
constructed its g-difference realizations. Let us recall that the positive en- 
ergy irreducible representations of so (4, 2) are labelled by the lowest value 
of the energy Eq, the spin sq = ji + j2 and by the hehcity ho = ji — j2, and 

^^This quantum algebra was also studied, and in addition its contraction to deformed 
Poincare algebra given in Ref. |55j . 
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these are eigenvalues of a Cartan subalgebra 7i of so {4,2). We shall label 
the representations of Ug {so {4,2)) in the same way and thus we shall take 
for Uq {so (4, 2)) and its complexification Ug {so (6, C)) the same Cartan sub- 
algebra. We recall that the g-deformation Ug {so (6, C)) is defined jSHEEl as 
the associative algebra over C with Chevalley generators Xp, Hj, j = 1, 2, 3. 
The Cartan-Chevalley basis of Ug {si (4, C)) is given by the formulae: 

[Hj,Hk] = [Hj,X^] = ±ajkX^ 
[Xt.X^] = ^3k^-^^^ = 5AHj]g. (168) 
and the g-analogue of the Serre relations 

[Xffx^ - [2\Xfxixf + X^ [XfY = 0, (169) 

where {jk) = (12) , (21) , (23) , (32) and {ajk) is the Cartan matrix of 
so (6, C) given by {ajk) = 2 {aj, ak) / {aj, aj); ai, a^, as are the simple roots 
of length 2 and the non-zero product between the simple roots are: (ai, a^) = 
{a2,Ois) = —1 • The quantum number is defined as [m]^ = ^Zg-i" ■ 

Explicitly the Cartan matrix is given by: 




(170) 



The elements Hj span the Cartan subalgebra Ti. while the elements Xj 
generate the subalgebra Q"^ in the standard decomposition Q = so (6, C) = 

®'H®G~- In particular, the Cartan- Weyl generators for the non-simple 
roots are given by |57j : 



^13 



<i-"'xixf) 

q-'''X^,Xt) 
q-'/'XfXt,) 



{jk) = (12) , (23) 



(171) 
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All other commutation relations follow from these definitions: 





= -Q^'^K-^ib 


[^b^^ab] 


= Kb-iQ'''' i< 


a<b<3 


[K,Kb] 


= K^ib^-""^ 


[^b'^lb] 


= Kb-1 1< 


a<b<3 




= qxtbX^ 


^h^ab '■ 


= q-'X^,X^ 1 < 


a<b<3 






- 

"^23^13 ~ 


q ^X^^X2s 






= 




= 




[-^12,-^13] 




[-^12) -^13. 






[-^^23' ^13] 




[^2~3'^13] 


= -g2(H2+H3)^+ 




[-^^12 5-^23] 


= XX 2 x^^ 


[-^125-^23] 


= -Xq^^^X^X^ 


(172) 



where X = q — q ^. 

The dilatation generator is given by 

D = ^{H, + Hs) + H2. (173) 

The quantum universal algebra Ug {su (2,2)) is a Hopf algebra with co- 
product defined by: 



A(X±,) = ® g^»/2 ^ ^ X±,. (174) 

and antipode and counit defined as 



•S* {Hi) = —Hi, 
S(X+,) = -qX+i, S{X_,) = -q-'X_,, 
em = e(X+,) = 0. (175) 

Now, let us compute the g-deformed 2-point conformal correlation func- 
tion of scalar quasiprimary (qp) fields, with canonical dimension di and ^2, 
defined on the g-deformed Minkowski spacetime 



x±v = q^^vx±, x±v = q^^vx±, 

Xvv = x+x_ — vv = vv, 

x± = x° ± V = x^ — ix"^ v = x^+ix'^. (176) 



"'^^Up to Equ. (184) this section follows the paper 

34 



The g-Minkowski length is 

Lq — x^x^ — q~^vv. (177) 

These qp-fields are reduced functions and can be written as formal power 
series in the g-Minkowski coordinates: 



^ ^ f^jnlm n I ml 
j,n,l,meZ+ 

<t>jnlm = V^X^_x\ir. (178) 

Next we introduce the following operators acting on the reduced functions 

as 

n I m 

j,n,l,meZ+ 

where k — ±,v,v and the explicit action on (t>j nim defined by 





n I 


m 


— n I m 












n I 


m 


n+1 I m 




n I 


m 


~ 4'j n l+l m 




n I 


m 


n I m+1 




n I 


m 


Q 0jr n I m 


T-h 


n I 


m 


Q 0jr n I m 




n I 


m 


— n I m 




n I 


m 


— Q^^j n I m 



(180) 



The g-difference operators are defined by 



D,cf> = jM-' (T, - T-') ct>. (181) 
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The representation action of Ug {si (4)) on the reduced functions {Y) of 
the representation space C^, with the signature x = X (^) = {^1,^2, ^3) = 
{1,1 — d,l) and which corresponds to a spinless "scalar" field [d,ji,j2] = 
[d, 0,0] is given by^^ : 



Tl{X+2)(t)jnlrn = ^^"''^'"^^^ [j + ^ + + 0j n+1 i m 

['Jg Vj+l n J-l m+l' 



TT{X_2)(l)jnlm = 0, n-1 i 

_^(-.-n+R™)/2[^]^^^.^^^^^_^^ (182) 

with fcj = g^'/^. 

Now let us define V = q^, where D is the dilatation generator defined in 
Equ. (173). The representation of this generator on the reduced functions (p 
is given by 



7r{V)(j){Y) = /ijni^vr (D) 0^. „ , ^ 

= q''f^Mmq'^''^'^"'<P,nim = qU{qY). (183) 

The coproduct for this operator is given by 

AV = V(^V. (184) 
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The general case is given in Ref. [SI] 
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Now let us calculate two point ^'-correlation functions by imposing that 
they are invariant under the action of Uq {si (4, C)). We denote the g-deformed 
correlation functions of N quasiprimary fields as 

(0, (H) ..4n (Yn)), = , (0 (Fi) ...0,, (Fat)! 0)^ , (185) 

where |0)g is a Uq {si (4, C)) invariant vacuum such that tt (1^)10)^ = \0)q, 
7T \0)q = and also for g(0| . The identities for the two-point correlation 

functions of two quasiprimary fields of the conformal weights di , ^2 are 



A(7r(P))(0i(Fi)02(>^2)), = {n{V)^n{Vj){cP,{Y,)<P,{Y2)) 

= (01 (Fi) 02 (>^2)), (186) 



and 



A(7r(X±,))(0i (1^1)02 (^2)),= 

(tt (X±,) (8) + TT (X±,)) . 

(01 (Fi) 02 (^2)), = 0. (187) 

The g-correlation functions are covariant under dilatation, whereas the 
remaining identities lead to six g-difference equations. 
Let us first note that 

^j+l n-l I m — 5"''^ (^-) n I rrn 

(pjnl+lm-l = Q"'4>jnlmX+{v)~\ (188) 

and so on, 

q'^^^'^(f){v,X-,x+,v) — x_, x+, , 

g^"/20(v,a;_,x+,IJ) = (f) {v,q^^/^x^,x+,v) , ... (189) 

and 

[n]g0 = {(l){v,qx-,x+,v) - (l){v,q'^x-,x+,v)) 

= (f){v,x_,x^,v) , 
[m]g0 = {(f){v,x^,x+,qv) - (j){v,x-,x+,q'^v)) 

= Dy(j){v,x-,x+,v) (190) 
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and so forth. 

The first identity for X^i is given by: 



X 



'2 



+ q-"\-i, q"^x+,, q'"^v,) x+i (l;2)-' 



X 



^2 



X 5_02 (g^/S,g-^/^a:_2,g-^/V2,g^/%2)), 

+ (g'/'^i, gi/^x+i, a;+2 (^72)^' 

X 5^02 (gi/ V, g''/'x_2, g'/'x+2, g"'/V) ), = (191) 

and five other g-difference equations. 

The solution of these g-difference equations exists when the conformal 
dimensions di and d2 are equah di = 62 = d and is determined uniquely 
up to a constant. Let us use the twistors Y = Y'^a^. More explicitly, the 
matrices Y are given by: 

y ^ f Xo + X3 Xq - iX2 \ ^ f x+ V \ ^^g2) 



Xq + 1x2 Xo - Xs 

where x+,X-,v,v are g-deformed Minkowski coordinates defined in Equ. 
(176). 

It is easy to see that the quantum determinant^^ 

detgY = x^x+ - q-^vv and det^ {Yi - Y2) = detg Yi (j - Ff ^^2) , (193) 

where J is a 2 x 2 identity matrix. The g-deformed two-point conformal 
correlation function reads 

{<l>i{Yi)<p2{Y2)), = C{q) (det.Y,)-' {d; q'"'/%-'Y2) , (194) 

where C (g) is a constant and where the quantum hypergeometric function 



"'^^We use Manin's notation 26'. 
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with matricial argument^^ is given by: 

oo 

1^0 {d; Y) = det^ q^Y) (/ - q'+^Y) . (195) 

1=0 

One easily sees that the g-correlation function reduces to the undeformed 
conformal correlation function because i^Jq [d] Y) becomes 
iFo {d; Y) = det (/ - F)""^ in the limit q ^ 1. 

The identities for the g-deformed three-point conformal correlation func- 
tions read 

(tt (X,) (g) (g) ^ q7.(-H,/2) ^ ^ ^^.^ ^ ^-(-^/,:/2) 

+qH-H./2) ^ ^.i-Hj2) ^ ^ ^Y^) 02 (Y,) 03 (K,)), = 0, (196) 



(tt (V) ®n{V)(E)n {V)) (0^ {Y,) 0^ (F^) 03 iX^)), = 

(01(^1)02(1^2)03(^-3)),. (197) 

The solutions are given by 

(01 (ri)02 (1^2) 03 (1^3)), = 

(det,F2)-^- mhl3;Q'-''''^%''y3)- 

{det,Y,r^^ iV^o (731; g'+^n"'>^3) , (198) 

where 7^^- = '^^ ^'^d Cjjfc are the structure constants. 

Let us mention once more that at g = 1 we get the ordinary conformal 
correlation functions. 

These results are the first steps towards the construction of the quantum 
bulk to boundary and bulk to bulk propagators in the quantum AdS5/CFT4 
correspondence. 



classical hypergeometric functions with matricial argument were introduced by 
Bochner j59j through Bessel functions with matricial argument. They have been used 
in generating probability distributions as a generalization of the use of classical hyperge- 
ometric functions 
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10 Conclusion and Outlook 



Quantum Groups emerged as generalized symmetries in the study of quantum 
integrable systems. Ever since, they become the cornerstone in theoretical 
physics. Recent discoveries of Vafa and his collaborators |37j clearly prove 
that g-deformation will play an important role in string theory, Yang-Mills 
theory and Black holes. The aim of this review was to present a recent 
and pedagogical overview of the definitions and methods used in quantum 
groups and quantum gauge theory and highlight some recent results found 
by the author. On going and envisaged work involves investigations of the 
g-deformed string theory, not just by deforming the oscillators, but by using 
the formal properties of the Hopf algebra structures. Next, we will try to 
deeply understand the connection of these new g-strings to Vafa's work. 

Acknowledgements. I would like to extend very special thanks to the 
members of the High Energy Theory Group at Brown university for warm 
hospitality. I am very grateful to A. Sudbery for sending his very interesting 
papers. This work was partially supported by Universite des Sciences et de 
la Technologie d'Oran, USTOMB under grant PFD USTOMB 04. 



40 



References 



[1] V. Chari and A. N. Prcsslcy, Guide to Quantum Groups"^ Cambridge 
University Press, Cambridge (1994); C. Kassel, ^'Quantum Groups", 
Graduate Texts in Mathematics, Vol. 155, Springer- Verlag (1995); M. 
Chaichian and A. P. Demichev, ^''Introduction to Quantum Groups''', 
World Scientific (1996); A. Klimyk and K. Schmiidigen, "Quantum 
Groups and Their Representations" , Springer- Verlag (1997); P. Ascliieri 
and L. Castellani, Int. J. Mod. Phys. A8, 1667 (1993); T. Tjin, Int. J. 
Mod. Phys. A7, 6175 (1992); V. K. Dobrev, Journal of Geometry and 
Physics, 11, 367 (1993). 

[2] G. Lusztig, Adv. Math. 70, 237 (1988). 

[3] L. Alvarez-Gaume, C. Gomez and G. Siera, Phys. Lett. B220, 142 
(1989). 

[4] G. Moore and N. Reshetikhin, Nucl. Phys. B220, 557 (1989). 
[5] L. Mesref, Int. J. Mod. Phys. A20, 1471 (2005).. 
[6] H. de Vega, Int. J. Mod. Phys. A4, 2371 (1989). 
[7] V. Pasquier and H. Saleur, Nucl. Phys. B330, 523 (1993). 
[8] A. Lerda and S. Sciuto, Nucl. Phys. B401, 613 (1993). 
[9] P. Roy, Mod. Phys. Lett. All, 1489 (1996). 
[10] M. R. Ubriaco, Phys. Rev. E55, 291 (1997). 

[11] V. Buzek, J. Mod. Opt. 39, 949 (1992); M. Chaichian, D. Ellinas and 
P. Kulish, Phys. Rev. Lett. 65, 980 (1990); L. M. Kuang, J. Mod. Opt. 
41, 517 (1994); K. P. Marzlin, Int. J. Theor. Phys. 36, 841 (1997); C. 
Zhe, Phys. Rev. A47, 5017 (1993). 

[12] S. Major and L. Smolin, Nucl. Phys. B473, 267 (1996). 

[13] I. Aref'eva and I. Volovich, Nucl. Phys. B462, 600 (1996). 

[14] J. Madore, Ann. Phys. 219, 187 (1992); ibid. An Introduction to Non- 
commutative Geometry and its Physical Applications, (Cambridge Univ. 
Press, 1995). 



41 



[15] D. Bernard, Prog. Theor. Phys. Suppl. 102, 49 (1990); 1. Ya. Aref'eva 
and I. V. Volovich, Mod. Phys. Lett. A6, 893 (1991); L. Castellani, 
Phys. Lett. B237, 22 (1994); M. Hirayama, Prog. Theor. Phys. 88, 
111 (1992); T. Brzezinski and S. Majid, Phys.Lett. B298, 339 (1993); 
ibid. Commun. Math. Phys. 157, 591 (1993); Erratum-ibid. 167, 235 
(1995); Frishman, J. Lukierski and W. Zakrzewski, J. Math. A26, 301 
(1993); A. P. Isaev and Z. Popowicz, Phys. Lett. B307, 353 (1993); 
K. Wu and R. J. Zhang, Commun. Theor. Phys. 17, 175 (1992); S. 
Watamura, Commun. Math. Phys. 158, 67 (1993); L. L. Chau and L 
Yamanaka, Phys. Rev. Lett. 70, 1916 (1993); A. Sudbery, Phys. Lett. 
B375, 75 (1996); ibid. Acta Phys. Polon. B27, 2777 (1996); ibid. Talk 
prepared for 21st International Colloquium on Group Theoretical Meth- 
ods in Physics (ICGTMP 96), Goslar, Germany, 16-20 Jul 1996. In 
*Goslar 1996, Quantum group* 45-52; Bo-Yan Hou and Zhong-Qi Ma, 
J. Math. Phys. 36, 5110 (1995); P. Isaev and O. V. Ogievesky, Nucl. 
Phys. Proc. Suppl. 102, 306 (2001); ibid. Theor. Math. Phys. 129, 1558 
(2001); R. J. Finkelstein, Mod. Phys. Lett. 15, 1709 (2000); ibid. Int. J. 
Mod. Phys. 19, 443 (2004). 

[16] L. Mesref, Int. J. Mod. Phys. A17, 4777 (2002). 

[17] L. Mesref, Int. J. Mod. Phys. A18, 209 (2003). 

[18] L. Mesref, Phys. Rev. D68, 065007 (2003). 

[19] L. D. Faddeev, N. Yu. Reshetikhin and L. A. Takhtajan, Lenningrad 
Math. J. 1, 193 (1990). 

[20] L. A. Takhtajan, Advanced Studies in Pure Mathematics 19, 435 (1989). 

[21] L. Faddeev, Les Houches Lectures 1982, Amesterdam: Elsevier, 1984. 

[22] E. Sklyanin, L. A. Takhtajan and L. Faddeev, Theor. Math. Phys. 40, 
194 (1979). 

[23] L. A. Takhtajan and L. Faddeev, Uspechi Math. Nauk. 40, 214 (1985); 
P. Kulish and N. Reshetikhin, Zap. Nauch. Semin., LOMI, 1981, v. 101, 
p. 101-110. 

[24] V. Drinfeld, " Quantum Groups" Proc. of the Int. Congr. of Mathe- 
maticians, (Berkeley, California, 1986) Ed. A. M. Gleason (American 
Mathematical Society, Providence, RI. 1986), P. 798. 



42 



[25] A. Sudbery, Quantum Groups as Invariance Groups, Talk given at AMS 
Summer research Inst, on Algebraic Groups and their Generalizations, 
University Park, Pa, Jul 1991; ibid. Based on talk given at 21st Int. 
Gonf. on Differential Geometric Methods in Theoretical Physics, Tian- 
jin, China, Jun 5-9, 1992. 

Yu. I. Manin: Quantum groups and noncommutative geometry, Montreal 
University preprint, CRM- 1561 (1988). 

S. L. Woronowicz, Commun. Math. Phys. Ill, 613 (1987); Commun. 
Math. Phys. 122, 125 (1989). 

L. Mesref, New J. Phys. 5, 7 (2003). 

L. Mesref, A new map between quantum gauge theories defined on a 
quantum hyperplane and ordinary gauge theories, ,arXiv:hep-th/0330025 . 

L. Mesref, A map between {q, h)- deformed gauge theories and ordinary 
gauge theories., arXiv:hep-th/0309268, 

L. Mesref, Maps between deformed and ordinary gauge fields. Int. J. 
Theor. Phys. (at press). 

N. Seiberg and E. Witten, J. High Energy Phys.09, 032 (1999). 
M. Gerstenhaber, Ann. Math. 79, 59 (1964). 

H. J. Groenewold, Physica (Amsterdam) 12, 405 (1946); J.E. Moyal, 
Math. Proc. Cambridge Philos. Soc. 45, 99 (1990). 

A. Jevicki and S. Ramgoolam, J. High Energy Phys. 04, 032 (1999). 

A. Guijosa and D. A. Lowe, Phys. Rev. D69, 106008 (2004); David A. 
Lowe," q- deformed de Sitter/ Gonf ormal Field Theory Gorrespondence" 
|hep-th70407188[ 

M. Aganagic, H. Ooguri, N. Saulina and C. Vafa, ^^Black Holes, q- 
Deformed 2d Yang-Mills, and Non-perturbative Topological Strings", 
|arXiv:hep-th/0411280[ 

V. Karimipour, Lett. Math. Phys. 30, 87 (1995). 
E. Abe, Hopf algebras, Cambridge University Press, 1980. 
M. E. Sweedler, Hopf algebras, Benjamin, 1969. 



43 



[41] I. M. Gclfand and M. A. Naimark, Mat. Sbornik 12, 197 (1943). 
[42] M. Dubois- Violette and G. Launer, Phys. Lett. B245, 175 (1990). 
[43] L. D. Faddeev and L. Takhtajan, Lect. Notes in Physics 120, 253 (1986). 
[44] C. N. Yang, Phys. Rev. Lett. 19, 1312 (1967). 

[45] R. Baxter, Exactly Solved Models in Statistical Mechanics, Academic 
Press, London, 1982. 

[46] A. B. Zamolodchikov and Al. B. Zamolodchikov, Annals of Physics 120, 
253 (1979). 

[47] H. Bethe, Z. Phys. 71, 205 (1931). 

[48] C. Gardner, J. Green, M. Kruskal and R. Miura, Phys. Lett. 19, 1095 
(1967). 

[49] N. Reshctikhin, Quantized universal enveloping algebras, the Yang- 
Baxter equation and invariants of links. I, LOMI Report E-4-87 
Leningrad, 1988. 

[50] I. A. Batahn and G. Vilkovisky, Phys. Lett. 102B, 27 (1981); Phys. 
Rev. D28, 2567 (1983) [ E: D30, 508 (1984) ] ; Nucl. Phys. B234, 106 
(1984); J. Math. Phys. 26, 172 (1985). 

[51] A. Conncs, "Noncommutative Geometry" ( Academic Press, San Diego, 
Cahfornia, 1994). 

[52] Z. Chang, Eur. Phys. J. C 17,527 (2000) . 

[53] P. Aschieri, Lett. Math. Phys. 49, 1 (1999). 

[54] V. K. Dobrev, J. Phys. A27, 4841 (1994). 

[55] J. Lukierski and A. Nowicki, Phys. Lett. 279, 299 (1992). 

[56] M. Jimbo, Lett. Math. Phys. 10, 63 (1985); ibid. 11, 247 (1986). 

[57] V. K. Dobrev, Canonical q- deformation of noncompact Lie (super-) al- 
gebras, Gottingen University preprint, July 1991; J. Phys. A: Math. Gen. 
26, 1317 (1993). 

[58] V. K. Dobrev, Phys. Lett. B341, 133 (1994); B346, 427 (1995). 



44 



S. B. Bochner, ''Bessel functions and modular relations of higher type 
and hyperbolic differential equations" , Comm. Sem. Math. Univ. Lund, 
Tome Supplementaire (1952), pp. 12-20. 

J. Rodriguez, A. S. Saez, Generacion de distrihuciones multivariantes 
discretas mediante el uso de polinomios zonales, in Proc. of XXIV Con- 
greso Nacional de Estadistica e Investigacion Operativa, SEIO, Espana, 
1998. 



45 



